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Abstract
Let (R,m) be a Noetherian local ring of prime characteristic p. In this paper, as an extension of the
concept of pn-basis, we introduce the notion of m-adic pn-basis, and we show that R/Rpn has an
m-adic pn-basis for every n (n = 1,2, . . .) if and only if R is a regular local ring. For any Noetherian
local ring, further we introduce the concept of m-adic free graded algebra and we give a regularity
criterion in terms of the higher differential algebra, and others.
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1. Introduction
Let (R,m) be a Noetherian local ring of prime characteristic p. In the paper [1], we
introduced the notion of pn-basis, and we showed that if R/Rpn has a pn-basis for every
n (n = 1,2, . . .), then R is regular (see [1, Theorem 3.3]). But the converse is not true
in general. In this paper, as an extension of the concept of pn-basis, we introduce the
notion of m-adic pn-basis, and we show that R/Rpn has an m-adic pn-basis for every n
(n = 1,2, . . .) if and only if R is regular (see Theorem 3.4).
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subfield of R, we constructed a regularity criterion for such a local ring R in terms of
the higher differential algebra (see [1, Theorem 5.3]).
In this paper, we try to construct a regularity criterion for any Noetherian local ring
R without the assumption that R is essentially of finite type over a subfield. For the sake
of this aim, we introduce the concept of m-adic free graded algebra and we construct a
regularity criterion of any Noetherian local rings in terms of the higher differential algebra.
The main results are, in the equal characteristic case, Theorems 3.4 and 4.3 and, in the
unequal characteristic case, Theorem 5.2.
2. Preliminaries
All rings in this paper are commutative rings with identity elements. A ring homomor-
phism will always mean a ring homomorphism which sends identity element to identity
element. We always denote by t a natural number.
Let P be a ring, R a P -algebra with a ring homomorphism h :P → R and m an ideal
of R.
Let S be an R-algebra with a ring homomorphism f :R → S. For an integer n 0, by
a higher P -derivation of length n from R into S, we mean a sequence (D0,D1, . . . ,Dn)
of mappings Di :R → S such that
(1) D0 = f ,
(2) Di(a + b) = Di(a) + Di(b), Di(ab) =∑j+k=i Dj (a)Dk(b) for any a, b ∈ R and
i  0,
(3) Dih = 0 for every i  1.
We denote the set of all higher P -derivations of length n from R into S by HDer nP (R,S).
Let A be an R-algebra and d := (d0, d1, . . . , dt) ∈ HDer tP (R,A). Then A (together
with d) will called a higher differential algebra of R over P of length t if the following
conditions are satisfied:
(1) As an R-algebra, A is generated by the elements {di(a);a ∈ R, i = 0, . . . , t}.
(2) For any R-algebra V and for any (h0, h1, . . . , ht ) ∈ HDer tP (R,V ), there exists a ring
homomorphism g :A → V such that hi = gdi for every i  0.
It is known that a higher differential algebra of R over P of length t exists and is
uniquely determined up to isomorphism (cf. [2]). We shall denote by Dt(R/P) the higher
differential algebra of R over P of length t and d is called the associated derivation of
Dt(R/P) and d is denoted by dR/P .
The R-algebra Dt(R/P) is a graded R-algebra, Dt(R/P) =⊕∞n=0 Dt(R/P)n , where
Dt(R/P)n is the R-submodule of Dt(R/P) generated by the elements
{
dn1(a1) · · ·dns (as); ai ∈ R, 0 ni  t, n1 + · · · + ns = n for some s  1
}
.
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that Dt(R/P)1 = ΩR/P for any t (cf. [2]).
We say that R has the m-adic topology if R has the topology with the fundamental
system of neighborhoods of zero {mr ; r = 1,2, . . .}. Let A be an R-algebra or an R-mo-
dule. We say that A has the m-adic topology if A has the topology with the fundamental
system of neighborhoods of zero {mrA; r = 1,2, . . .}.
The m-adic topology of A is Hausdorff if and only if
⋂∞
r=0 mrA = (0).
Suppose that R has a prime characteristic p. Let Rpn denote the subring {xpn;x ∈ R} of
R and PRpn denote the subring of R generated by the set {axpn;a ∈ P,x ∈ R}. A subset
B of R is said to be pn-independent (in R) over PRpn if the monomials be11 · · ·bemm , where
b1, . . . , bm are distinct elements of B and 0  ei  pn − 1, are linearly independent over
PRp
n
. A subset B of R is called a pn-basis of R/P (or a pn-basis of R/PRpn ) if it is
pn-independent over PRpn and R = PRpn [B] (cf. [1]). It is clear that a p1-basis of R/P
is an usual p-basis of R/P . The cardinality of a p-basis of R/P is called the p-degree of
R/P and is denoted by p-deg(R/P ).
As an extension of the concept of pn-basis, we introduce the concept of m-adic pn-basis
as follows:
Definition 2.1. Suppose that R has a prime characteristic p, and n 1 an integer. A subset
B of R is called an m-adic pn-basis of R/P if the following conditions are satisfied:
(1) B is pn-independent over PRpn .
(2) R = S , where S := PRpn [B] (⊂ R) and S is the closure of S in R for the m-adic
topology, that is, R =⋂∞r=0(S + mr ).
(3) mr ∩ S = nr for every r  1, where n := m ∩ S.
The following concept of m-adic free module is essentially the same as the concept of
m-adic free module in the sense of [5].
Definition 2.2. Let M be an R-module. We call M an m-adic free R-module if there exists
an R-submodule N of M such that:
(1) N is a free R-module,
(2) M = N , where N is the closure of N in M for the m-adic topology, that is, M =⋂∞
r=0(N + mrM),
(3) mrM ∩ N = mrN for every r  1.
In this case, we call a free basis of N an m-adic free basis of M .
If R is Hausdorff for the m-adic topology, then M is m-adic free if and only if there
exists a subset {ai; i ∈ I } of R such that:
(1) M is the closure of the R-submodule of M generated by {ai; i ∈ I } for the m-adic
topology,
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(cf. [5, Definition 1]).
As a development of the concept of m-adic free module, we introduce the notion of
m-adic free graded algebra as follows:
Definition 2.3. Let A be a graded R-algebra. We call A an m-adic free graded R-algebra
when there exists a graded R-subalgebra F of A such that:
(1) F is a polynomial ring over R,
(2) A = F , where F is the closure of F in A for the m-adic topology, that is, A =⋂∞
r=0(F + mrA),
(3) mrA ∩F = mrF for every r  1.
If F is the polynomial ring over R with variables X := {Xi; i ∈ I }, then we call X a set
of m-adic variables of A.
Lemma 2.4. Let A be a graded R-algebra. Assume that
⋂∞
r=0 mr = (0) and there exists a
set {wi; i ∈ I } of homogeneous elements of A such that:
(1) A = F , where F is the subring of A generated by {wi; i ∈ I } over R and F is the
closure of F in A for the m-adic topology.
(2) {wi + mrA; i ∈ I } (⊂ A/mrA) is algebraically independent over R/mr for every
r  1.
Then A is an m-adic free graded R-algebra and {wi; i ∈ I } is a set of m-adic variables
of A.
Proof. The proof is easy. Hence we omit it. 
Lemma 2.5. Put Ri := R/mi (i = 1,2, . . .). Then Dt(R/P)/mrDt (R/P) ∼= Dt(Rs/P )⊗R
Rr for every r  1 and s  t + r .
Proof. See the proof of Lemma 3 of [2]. 
The following lemma is a key to proof of our main results.
Lemma 2.6 [1, 2.5]. We denote by Z the ideal m ⊕ ⊕∞i=1 Dt(R/P)i of the graded
R-algebra Dt(R/P). Then (Z2)i := Z2 ∩ Dt(R/P)i is an R-submodule of Dt(R/P)i .
Let Ei (i = 2, . . . , t) be the R-submodule of Dt(R/P)i generated by the set {xy;x ∈
Dt(R/P)j , y ∈ Dt(R/P)i−j , j = 1, . . . , i − 1} and E1 := (0). Put dR/P := (d0, d1,
. . . , dt ). Then the mapping δi :R → Dt(R/P)i/Ei (x 
→ di(x) + Ei) is a P -derivation
of R into the R-module Dt(R/P)i/Ei for every i (i = 1, . . . , t). Furthermore we get the
following:
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(2) There exists a L-module isomorphism
Dt(R/P)i/
(
Z2
)
i
∼= Dt(R/P)1/mDt(R/P)1
for every i (i = 1, . . . , t), where L := R/m.
Lemma 2.7. Suppose that R is a Noetherian local ring with the maximal ideal m. Put L :=
R/m. Assume that m = (a1, . . . , an) and Dt(L/P) is generated by elements {d ′i(z¯j ); i =
0,1, . . . , t, j ∈ J } as an L-algebra, where dL/P := (d ′0, d ′1, . . . , d ′t ) and z¯j := zj + m,
zj ∈ R. Let F be the graded R-subalgebra of Dt(R/P) generated by {di(ak), di(zj ); i =
0,1, . . . , t, k = 1, . . . , n, j ∈ J } over R, where dR/P := (d0, d1, . . . , dt ). Then Dt(R/P) =
F , where F is the closure of F in Dt(R/P) for the m-adic topology.
Proof. Put Fi := F ∩ Dt(R/P)i , then F =⊕∞i=0 Fi . By [3, Theorem 25.2], we have an
exact sequence of L-modules
m/m2 → Dt(R/P)1/mDt(R/P)1 → Dt(L/P)1 → 0.
It follows that Dt(R/P)1 = F1 +mDt(R/P)1. By Lemma 2.6, we have that Dt(R/P)i =
Fi + mDt(R/P)i for every i (i = 1,2, . . .), inductively. Thus we have the assertion. 
3. Equal characteristic p > 0 case
In this section, we construct a regularity criterion of Noetherian local rings of prime
characteristic p in terms of m-adic pn-basis and of higher differential algebra.
Let (R,m,L) be a Noetherian local ring with char(R)= char(L)= p = 0.
We first show the following lemma.
Lemma 3.1. Suppose that R = K[[X1, . . . ,Xn]] is a formal power series ring over a
field K with char(K) = p = 0, m = (X1, . . . ,Xn)R and B a p-basis of K/Kp. Then
B ∪ {X1, . . . ,Xn} is an m-adic pm-basis of R/Rpm for every m (m = 1,2, . . .).
Proof. A routine computation shows the assertion. 
Proposition 3.2. Let m  1 be an integer. If there exists an m-adic pm-basis of R/Rpm ,
then there exists a quasi-coefficient field k of R such that R/k has an m-adic pm-basis.
Proof. Let B be an m-adic pm-basis of R/Rpm . Put S := Rpm [B] (⊂ R) and n := m ∩ S.
Then we have S/n = R/m. Hence there are subsets B1 and B2 of B such that B =
B1 ∪B2, B1 ∩ B2 = ∅ and B ′1 := {b + m;b ∈ B1} is a p-basis of L/Lp , where L = R/m.
Since B ′1 is a pr -basis of L/Lp
r for every r  1, we have that k0[B1] ∩m = (0), where k0
is the prime field contained in R. Thus R contains the quotient field k of k0[B1]. It is easy
to see that k is a quasi-coefficient field of R and B2 is an m-adic pm-basis of R/k. 
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some modifications.
Lemma 3.3. Let k be a subfield of R such that L/k is separable and the p-degree of
L/kLp is finite. Suppose that m = (a1, . . . , an) and {z1 + m, . . . , zs + m} is a p-basis of
L/k, where n := dimL m/m2 and zi ∈ R. If Dt(R/k) is an m-adic free graded R-algebra
for an integer t  1, then {di(a1), . . . , di(an), di(z1), . . . , di(zs); i = 1, . . . , t} is a set of
m-adic variables of Dt(R/k), where dR/k := (d0, d1, . . . , dt ).
Proof. For the brevity of notations, we simply put {di(a1), . . . , di(an), di(z1), . . . , di(zs);
1  i  t} := {w1, . . . ,we}, where e := t (n + s). Since L/k is separable, we have the
following exact sequence:
0 → m/m2 → Dt(R/k)1/mDt(R/k)1 → Dt(L/k)1 → 0,
by [3, Theorem 25.2]. Hence we see that dimL Dt (R/k)1/mDt(R/k)1 = n + s. Let A be
the subring of Dt(R/k) generated by {w1, . . . ,we} over R. Then we have Dt(R/k) = A,
where A is the closure of A in Dt(R/k) for the m-adic topology by Lemma 2.7, and
thus Dt(R/k)/mrDt (R/k) is the R/mr -algebra generated by {w1, . . . ,we} (wi := wi +
mrDt (R/k)) for every r  1.
On the other hand, since Dt(R/k) is m-adic free, there exists a graded R-subalgebra
F :=⊕∞i=0 Fi of Dt(R/k) such that:
(1) F := R[Y ] is a polynomial ring over R with variables Y := {Yj ; j ∈ J }.
(2) Dt(R/k) = F , where F is the closure of F in Dt(R/k) for the m-adic topology.
(3) mrDt (R/k) ∩F = mrF for every r  1.
It is easy to see that F/mrF ∼= Dt(R/k)/mrDt (R/k) and F/mrF ∼= (R/mr ) ⊗R R[Y ]
for every r  1. Hence the set J is finite. Put Y := {Y1, . . . , Yu}. We may assume that
Y ⊂ ⊕∞i=1 Fi . We denote by W the homogeneous ideal m ⊕ ⊕∞i=1 Fi of the graded
R-algebra F . Then we have that W = mF + (Y1, . . . , Yu) and dimL W/W 2 = n + u by
[4, 3.1]. Furthermore we denote by Z the homogeneous ideal m ⊕⊕∞i=1 Dt(R/k)i of
Dt(R/k). Then Zi := Z ∩ Dt(R/k)i and (Z2)i := Z2 ∩ Dt(R/k)i are R-submodules of
Dt(R/k)i and Zi = (Z2)i for all i > t . It is clear that Z/Z2 and Zi/(Z2)i are L-vector
spaces and Z/Z2 = m/m2 ⊕⊕∞i=1 Zi/(Z2)i . By Lemma 2.6, it holds that Zi/(Z2)i ∼=
Dt(R/k)1/mDt(R/k)1 (i = 1, . . . , t). Thus we get that dimL Z/Z2 = n+ t (n+s)= n+e.
Next we shall show that u = e. Put Wi := W ∩ Fi and (W 2)i := W 2 ∩ Fi . Since
Dt(R/k) = F , we have that Dt(R/k)i = F i , and that Z = m ⊕⊕∞i=1 F i . It follows that
(Z2)i = (W 2)i + mDt(R/k)i for every i (i = 1,2, . . .). Therefore we see Zi/(Z2)i ∼=
Wi/(W
2)i (i = 1, . . . , t), and hence Z/Z2 ∼= W/W 2 as an L-vector spaces, and so we get
that e = u.
Therefore we have Dt(R/k)/mrDt (R/k) ∼= (R/mr )[Y1, . . . , Yu] ∼= (R/mr )[w1, . . . ,
we], which implies that {w1, . . . ,we} are variables over R/mr in Dt(R/k)/mrDt (R/k)
for every r  1 (see [4, 3.2]). Consequently, {w1, . . . ,we} is a set of m-adic variables of
Dt(R/k) by Lemma 2.4. 
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Theorem 3.4. Let (R,m,L) be a Noetherian local ring with char(R) = char(L) = p = 0.
Then the following conditions are equivalent:
(1) R is a regular local ring.
(2) For each m (m = 1,2, . . .), there exists an m-adic pm-basis of R/Rpm .
(3) For each m (m = 1,2, . . .), there exists a subfield km of R such that L/km is separable,
the p-degree of L/kmLp is finite and R/km has an m-adic pm-basis.
(4) For each t (t = 1,2, . . .), there exists a subfield ht of R such that L/ht is separable,
the p-degree of L/htLp is finite and Dt(R/ht ) is an m-adic free graded R-algebra.
Proof. (1) ⇒ (2). Let k be a quasi-coefficient field of R and B a p-basis of k/kp . Let
{X1, . . . ,Xn} be a regular system of parameters of R and K a coefficient field containing
k of the completion R∗ of R. Then R∗ = K[[X1, . . . ,Xn]] and B is a p-basis of K/Kp.
For each m  1, we have that B ∪ {X1, . . . ,Xn} is an m∗-adic pm-basis by Lemma 3.1,
where m∗ := mR∗. Put S := Rpm[B,X1, . . . ,Xn] (⊂ R) and T := (R∗)pm[B,X1, . . . ,Xn]
(⊂ R∗). Since B ∪ {X1, . . . ,Xn} is pm-independent over (R∗)pm , then S and T are free
modules over Rpm and (R∗)pm respectively with a same basis, and thus T = S ⊗Rpm
(R∗)pm . Since (R∗)pm is the completion of Rpm , (R∗)pm is faithfully flat over Rpm . Hence
T is faithfully flat over S also. It is easy to see that n := m∩ S = (X1, . . . ,Xn)S. Thus, by
Lemma 3.1 and [3, Theorem 7.5], we have that mr ∩ S = nr for every r  1. Furthermore
we have that m = nR and R/m = S/n, and hence R = S, where S is the closure of S in R
for the m-adic topology. Therefore B ∪ {X1, . . . ,Xn} is an m-adic pm-basis of R/Rpm for
every m 1.
(2) ⇒ (3) follows from Proposition 3.2.
(3) ⇒ (4). For each t  1, put ht := km for the integer m with pm−1  t < pm. Let B
be an m-adic pm-basis of R/ht . Put P := htRpm (⊂ R), S := P [B] (⊂ R) and n := m∩S.
Then we see that R = S, where S is the closure of S in R for the m-adic topology.
Furthermore we have that R/mr ∼= S/nr for every r  1. We identify R/mr and S/nr ,
and put Rr := R/mr = S/nr (r = 1,2, . . .). The canonical injection S → R induces an
S-algebra homomorphism µ :Dt(S/P ) → Dt(R/P) such that µd ′i = di (i = 0,1, . . . , t),
where dS/P := (d ′0, d ′1, . . . , d ′t ) and dR/P := (d0, d1, . . . , dt ). It follows that there exists an
R-algebra homomorphism φ : R ⊗S Dt (S/P ) → Dt(R/P) such that φ(a ⊗ w) = aµ(w)
(a ∈ R,w ∈ Dt(S/P )). Furthermore this φ induces the R/mr -algebra homomorphism
φr :R ⊗S Dt (S/P )/mr (R ⊗S Dt (S/P )) → Dt(R/P)/mrDt (R/P) for every r  1. By
virtue of Lemma 2.5, R ⊗S Dt (S/P )/mr (R ⊗S Dt (S/P )) and Dt(R/P)/mrDt (R/P)
are isomorphic to Rr ⊗R Dt(Rs/P ) for every r  1 and s  t + r . Therefore φr is
an isomorphism. Since B := {bj ∈ S; j ∈ J } is a pm-basis of S/P , Dt(S/P ) is the
polynomial ring over S with variables {di(bj ); i = 1, . . . , t, j ∈ J } by [1, 3.1.3]. Thus
R ⊗S Dt (S/P )/mr (R ⊗S Dt (S/P )) = R/mr ⊗S Dt (S/P ) is the polynomial ring over
R/mr with variables {1 ⊗ di(bj ); i = 1, . . . , t, j ∈ J }, and hence Dt(R/P)/mrDt (R/P)
is the polynomial ring over R/mr with variables {di(bj ); i = 1, . . . , t, j ∈ J } for
every r  1, where di(bj ) := di(bj ) + mrDt (R/P). By Lemma 2.4, we see that
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(= Dt(R/P)) is an m-adic free graded R-algebra.
(4) ⇒ (1). Suppose that m = (a1, . . . , an), where n := dimL m/m2. If f (X) ∈
R[X1, . . . ,Xn] is a homogeneous polynomial of degree i with f (a1, . . . , an) ∈ mi+1.
If we take t large enough, then t  i and dif (a1, . . . , an) ∈ mDt(R/ht ), where
dR/ht := (d0, d1, . . . , dt ). Then we have that f (d1(a1), . . . , d1(an)) ∈ mDt(R/ht ). By
Lemma 3.3, {d1(a1), . . . , d1(an)} is a part of the variables of an R/m-polynomial
ring Dt(R/ht )/mDt(R/ht ), where d1(ai) := d1(ai) + mDt(R/ht ). Therefore all the
coefficients of f (X) belong to m. 
4. Equal characteristic 0 case
In this section, we denote by (R,m,L) a Noetherian local ring with char(R) =
char(L) = 0.
Lemma 4.1. Let K be a field of char(K) = 0, k a subfield of K such that K/k is 0-etale
(in the sense of [3]) and let R := K[[X1, . . . ,Xn]] be a formal power series ring over K .
Put m := (X1, . . . ,Xn). Then, for each t (t = 1,2, . . .), Dt(R/k) is an m-adic free graded
R-algebra and {di(X1), . . . , di(Xn); i = 1, . . . , t} is a set of m-adic variables of Dt(R/k),
where dR/k := (d0, d1, . . . , dt ).
Proof. Put S := K[X1, . . . ,Xn] and n := m ∩ S = (X1, . . . ,Xn)S. Then we have S =
K ⊗k k[X], and so Dt(S/k) = Dt(K/k)⊗k Dt (k[X]/k) by [2, Proposition 5], where X :=
{X1, . . . ,Xn}. Since K/k is 0-etale, Dt(K/k) = K , and so Dt(S/k) is the polynomial
ring over S with variables {d ′i(X1), . . . , d ′i (Xn); i = 1, . . . , t} by [2, Proposition 7], where
dS/k := (d ′0, d ′1, . . . , d ′t ). On the other hand, we get that mr ∩ S = nr for every r  1.
It follows that S/nr ∼= R/mr for every r  1. By the same reasoning as that of the
proof of (3) ⇒ (4) in Theorem 3.4, we have that R ⊗S Dt (S/k)/mr (R ⊗S Dt(S/k)) ∼=
Dt(R/k)/m
rDt (R/k) for every r  1, and thus Dt(R/k)/mrDt (R/k) is the polynomial
ring over R/mr with variables {di(X1), . . . , di(Xn); i = 1, . . . , t} for every r  1, where
di(Xj ) := di(Xj ) + mrDt (R/k). By Lemma 2.7, we have that Dt(R/k) = F , where
F := R[{di(X1), . . . , di(Xn); i = 1, . . . , t}] and F is the closure of F in Dt(R/k) for the
m-adic topology. Therefore, by Lemma 2.4, {di(X1), . . . , di(Xn); i = 1, . . . , t} is a set of
m-adic variables of Dt(R/k). 
Proposition 4.2. Let k be a quasi-coefficient field of R. If R is regular, then Dt(R/k) is an
m-adic free graded R-algebra for every t (t = 1,2, . . .).
Proof. Let {X1, . . . ,Xn} be a regular system of parameters of R and K a coefficient field
containing k of the completion R∗ of R. Then we have R∗ = K[[X1, . . . ,Xn]]. It follows
from Lemma 4.1 that {d ′i (X1), . . . , d ′i (Xn); i = 1, . . . , t} is a set of m-adic variables
of Dt(R∗/k), where dR∗/k := (d ′0, d ′1, . . . , d ′t ). Let A be the graded R∗-subalgebra of
Dt(R
∗/k) generated by {d ′i(X1), . . . , d ′i (Xn); i = 1, . . . , t} over R∗. Then we have Dt(R∗/
k) = A, where A is the closure of A in Dt(R∗/k) for the m∗-adic topology, and thus there
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every r  1. Since A/(m∗)rA ∼= R∗/(m∗)r [{d ′i(Xj )}] is a polynomial ring over R∗/(m∗)r ,
then Dt(R∗/k)/(m∗)rDt (R∗/k) is the polynomial ring over R∗/(m∗)r with variables
{d ′i (X1), . . . , d ′i(Xn); i = 1, . . . , t} for every r  1, where d ′i(Xj ) := d ′i (Xj )+mrDt (R/k).
Let F be the subring of Dt(R/k) generated by {di(X1), . . . , di(Xn); i = 1, . . . , t}, where
dR/k := (d0, d1, . . . , dt ). Then we have that Dt(R/k) = F , where F is the closure of F
in Dt(R/k) for the m-adic topology by Lemma 2.7, and hence Dt(R/k)/mrDt (R/k)
is the R/mr -algebra generated by {di(X1), . . . , di(Xn); i = 1, . . . , t} for every r  1,
where di(Xj ) := di(Xj ) + mrDt (R/k). By almost the same reasoning as that of the
proof of (3) ⇒ (4) in Theorem 3.4, there exists an R/mr -algebra isomorphism fr :
Dt(R/k)/m
rDt (R/k) ∼= Dt(R∗/k)/(m∗)rDt (R∗/k) such that fr(di(Xj )) = d ′i(Xj ) for
every r  1. Therefore Dt(R/k)/mrDt (R/k) is the R/mr -polynomial ring with variables
{di(X1), . . . , di(Xn); i = 1, . . . , t} for every r  1. Consequently Dt(R/k) is m-adic free
by Lemma 2.4. 
Theorem 4.3. Let (R,m,L) be a Noetherian local ring with char(R) = char(L) = 0. Then
the following conditions are equivalent:
(1) R is a regular local ring.
(2) There exists a subfield k of R such that the transcendence degree of L/k is finite and
Dt(R/k) is an m-adic free graded R-algebra for every t (t = 1,2, . . .).
(3) There exists a subfield k of R such that the transcendence degree of L/k is finite and
Dt(R/k) is an m-adic free graded R-algebra for some integer t (t  1).
(4) There exists a subfield k of R such that the differential module ΩR/k of R/k is an
m-adic free R-module.
Proof. (1)⇒ (2) follows from Proposition 4.2, and (2) ⇒ (3) is clear.
(3) ⇒ (4). Suppose that m = (a1, . . . , an) and {z¯1, . . . , z¯s} is a transcendence basis
of L/k, where n := dimL m/m2 and z¯i := zi + m(zi ∈ R). Similarly as in the proof
of Lemma 3.3, we have that {di(a1), . . . , di(an), di(z1), . . . , di(zs); i = 1, . . . , t} is a set
of m-adic variables of Dt(R/k), where dR/k := (d0, d1, . . . , dt). Therefore we see that
{d1(a1), . . . , d1(an), d1(z1), . . . , d1(zs)} is an m-adic free basis of the R-module Dt(R/k)1
(= ΩR/k). Thus ΩR/k is an m-adic free R-module.
(4) ⇒ (1). Let {wj ; j ∈ J } be an m-adic free basis of ΩR/k and M be the submodule
of ΩR/k generated by {wj ; j ∈ J } over R. Then we have that ΩR/k = M , where M is the
closure of M in ΩR/k for the m-adic topology, and that mrΩR/k ∩ M = mrM for every
r  1. Put D̂k(R) := ΩR/k/⋂∞r=0 mrΩR/k. The canonical injection M → ΩR/k induces
the R/mr -module isomorphism fr :M/mrM ∼= ΩR/k/mrΩR/k for every r  1. Since
M/mrM is a free R/mr -module, ΩR/k/mrΩR/k is the free R/mr -module with a free
basis {wj ; j ∈ J } for every r  1, where wj := wj +mrΩR/k . Since D̂k(R)/mr D̂k(R) ∼=
ΩR/k/m
rΩR/k, D̂k(R)/m
rD̂k(R) is the free R/mr -module with a free basis {g(wj );
j ∈ J } for every r  1, where g :ΩR/k → D̂k(R) is the canonical mapping and g(wj ) :=
g(wj ) + mrDk(R). Furthermore we see that D̂k(R) is an m-adic free R-module in the
sense of [5], and thus R is regular by [5, Corollary 2 to Theorem 3]. 
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In this section, we give a regularity criterion of Noetherian local rings of unequal
characteristic, in terms of m-adic pn-basis and of higher differential algebra. Then we
necessarily consider Noetherian local rings (R,m,L) with char(R) = 0 and char(L) = p.
We have the following lemma due to S. Suzuki [5, Corollary to Theorem 4].
Lemma 5.1. Let (R,m,L) be a Noetherian local ring with char(R) = 0 and char(L) =
p = 0. Let (P,pP, k) be a discrete valuation ring dominated by R. Assume that L is
separable over k. Then R is a regular local ring and p /∈ m2, if and only if the module
D̂P (R) of m-adic P -differentials in R is an m-adic free R-module.
The following theorem is our main result in the unequal characteristic case.
Theorem 5.2. Let (R,m,L) be a Noetherian local ring with char(R) = 0 and char(L) =
p = 0. Then the following conditions are equivalent:
(1) R is a regular local ring and p /∈ m2.
(2) There exists a quasi-coefficient ring P of R such that Dt(R/P) is an m-adic free
graded R-algebra for every t (t = 1,2, . . .).
(3) There exists a discrete valuation ring (P,pP, k) such that P ⊂ R, L/k is separable,
the p-degree of L/kLp is finite and Dt(R/P) is an m-adic free graded R-algebra for
some integer t (t  1).
(4) There exists a discrete valuation ring (P,pP, k) such that P ⊂ R, L/k is separable
and the differential module ΩR/P of R/P is an m-adic free R-module.
Proof. (1) ⇒ (2). Let (P,pP, k) be a quasi-coefficient ring of R and (C,pC,K) a
coefficient ring containing P of the completion R∗ of R. Choose a regular system of
parameters p,X2, . . . ,Xn of R. Then we have R∗ = C[[X2, . . . ,Xn]] and R∗ is the formal
power series ring over C with variables {X2, . . . ,Xn}. Put S := C[X2, . . . ,Xn] (⊂ R∗) and
n := (p,X2, . . . ,Xn)S. Then it holds that m∗ := mR∗ = nR∗ and (m∗)r ∩S = nr for every
r  1. So we have that R∗/(m∗)r = S/nr for every r  1. Let t  1 be an integer. For every
r  1 and s > t + r , we get that Dt(R/P)/mrDt (R/P) ∼= Rr ⊗R Dt (Rs/P ) ∼= (S/nr )⊗S
Dt ((S/n
s)/P ) by Lemma 2.5, where Rm := R/mm = S/nm (m = 1,2, . . .). Let Jt (ns )
be the ideal of Dt(S/P ) generated by {d ′i (x);x ∈ ns, i = 0,1, . . . , t}, where dS/P :=
(d ′0, d ′1, . . . , d ′t ). It follows from [2, Proposition 3] that Dt((S/ns )/P ) = Dt(S/P )/Jt (ns).
Furthermore we see that Jt (ns) ⊂ nrDt (S/P ), and so we have that
Dt(R/P)/m
rDt (R/P) ∼=
(
S/nr
)⊗S Dt (S/P ).
Since S = C ⊗P P [X], we see that
Dt(S/P ) = Dt(C/P) ⊗P Dt
(
P [X]/P )
by [2, Proposition 5], where X := {X2, . . . ,Xn}. Since L/k is 0-etale, we have
Dt(L/k) = L, and so Dt(L/k)i = (0) for all i  1. On the other hand, it holds that
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have Dt(C/P)i = pDt (C/P)i = p2Dt(C/P)i = · · · for each i  1. Thus we have the
following expression
Dt(C/P) = C ⊕
∞⊕
i=1
puDt(C/P)i
for every u  1. Furthermore Dt(P [X]/P ) is the polynomial ring over P [X] with
variables {hi(X2), . . . , hi(Xn); i = 1, . . . , t} by [2, Proposition 7], where dP [X]/P :=
(h0, h1, . . . , ht ). It follows that Dt(R/P)/mrDt (R/P) is the polynomial ring over
R/mr with variables {di(X2), . . . , di(Xn); i = 1, . . . , t} for every r  1, where dR/P :=
(d0, d1, . . . , dt ) and di(Xj ) := di(Xj ) + mrDt (R/P). Let F be the graded R-subalgebra
of Dt(R/P) generated by {di(X2), . . . , di(Xn); i = 1, . . . , t} over R. Then we have
Dt(R/P) = F by Lemma 2.7. Consequently Dt(R/P) is an m-adic free graded R-algebra
for every t by Lemma 2.4.
(2) ⇒ (3) is clear.
(3) ⇒ (4). The case of p /∈ m2. Let m = (p, a2, . . . , an) and {z¯1, . . . , z¯s} a p-basis of
L/k, where n := dimL m/m2 and z¯i := zi + m, zi ∈ R. By [5, Lemma 3′], we have an
exact sequence of L-modules:
0 → m/(m2 + pR)→ Dt(R/P)1/mDt(R/P)1 → Dt(L/k)1 → 0.
Hence we get dimL Dt (R/P)1/mDt(R/P)1 = n + s − 1. Similarly as in the proof
of Lemma 3.3, we see that {di(a2), . . . , di(an), di(z1), . . . , di(zs); i = 1, . . . , t} is a
set of m-adic variables of Dt(R/P), where dR/P := (d0, d1, . . . , dt ). It follows that
{d1(a2), . . . , d1(an), d1(z1), . . . , d1(zs)} is an m-adic free basis of the R-module Dt(R/P)1
= ΩR/k . Therefore ΩR/k is an m-adic free R-module.
The case of p ∈ m2. Let m = (a1, . . . , an) and {z¯1, . . . , z¯s} a p-basis of L/k, where
n := dimL m/m2 and z¯i := zi + m(zi ∈ R). As in the case of p /∈ m2, we have that
{d1(a1), . . . , d1(an), d1(z1), . . . , d1(zs)} is an m-adic free basis of Dt(R/P)1 = ΩR/k .
(4) ⇒ (1). Put D̂P (R) := ΩR/P /⋂∞r=0 mrΩR/P . Then, similarly as in the proof of
(4) ⇒ (1) in Theorem 4.3, we have that D̂P (R) is an m-adic free R-module in the sense
of [5], and thus R is regular and p /∈ m2 by Lemma 5.1. 
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